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Abstract. Using the symbolic computation program MAPLE, we compute several terms of an 
asymptotic expansion for the distribution function of the logistic midrange. 
Let X1,X2,... ,X, be i.i.d. random variables with common distribution function F(z) and 
let X(1) I -92) I ..a I Xc,) be the corresponding ordered statistics. The distribution 
function Gn(z) = P(M,, 5 Z) for the midrange M, = (X(1) + Xc,))/2 is given by 
Gn(z) = n lx [F(2z - Y) - F(Y)]“-’ WV). (1) 
It is known that for a broad class of distributions, the [standardized] midrange is aaymptot- 
ically logistic [3, j2.91. The class of distributions for which this is true includes the logistic 
itself. Motivated by this fact, two of the authors have made a detailed study of G,,(Z) for 
the case in which 1 
In [4], we noted that the characteristic function of A4, can be expressed as a well-poised 3F2 
and so evaluated using Dixon’s formula [l, p. 131. This leads to an exact formula for Gn( z). 
If n is odd. then 
G(Z) = (nri)‘2 (1 - ( k~l)2) F(z), 
k=l 
(2) 
where D = d/h. In the case of even n, the formula for Gn(z) is slightly more complicated. 
While exact, these formulas for the logistic midrange distribution are not convenient for 
numerical calculation when n is large. 
In this note we describe an asymptotic expansion for Gn(z) which is simple and well suited 
for numerical calculation involving large n. This expansion is obtained by applying Watson’s 
lemma to a suitably transformed version of (1). The coefficients in the resulting asymptotic 
expansion are rational functions of t = em2=. We have determined these coefficients with 
the aid of MAPLE. 
Setting u = F(y), equation (1) can be written as 
F(r) n-l 
G”(z) = n J ( 1 - 2u + (1 - t)u2 0 1 - (1 - t)u > du I 
where t = e- 2x. With the change of variable 
w = -log 
( 
1 - 2u+ (1 - t)d 
1 l-(l-i)u ’ 
(3) 
(4 
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we obtain 
G,(z) = n J O” c+““e+‘u’(2u) dzu. (5) 0 
It follows from Watson’s lemma [2, chapter 61 that if C,“=, q(t)& is the Maclaurin expan- 
sion of e+u’(2u), then 
Gn(z) _ 2 b!cd;-2”), (n + 00). 
kc0 
To compute the coefficients of this expansion, we need to find the series reversion of 
(6) 
and then form the Maclaurin expansion of eSwuu’(2u). It is convenient to perform these 
calculations using MAPLE. For the purpose of displaying the result, we write the asymptotic 
expansion as 
M k! ok(cosh 2c) 
G,(z) N 1 + ‘,-2z - tanhz c 
k=l (2n cosh2 z)” ’ 
(n + oo). (8) 
Then ak(s) is a polynomial of degree k - 1; the first few are given in the following table. 
k ak(s) 
1 1 
2 s-2 
3 2(9-7st7) 
4 ~s3-1ss~3+51s-35) 
3 
5 2(s’-41s3+246sa-431s+226) 
15 
To illustrate the usefulness of this asymptotic expansion, we consider the case of n = 
11 and compare the approximation obtained from the first six terms of the series with 
the exact result (2). [Note that the approximate formula satisfies the symmetry condition 
G,,(z) + G,,(-2) = 1. Tl ius we disp1a.y only positive values of z.] 
Exact Annroximation Annrox. - Exact 
0.2 .5907172754 .5907175811 .3057 x 10-c 
0.4 .6759896154 .6759892840 -.3314 x 10-c 
0.6 .7515174811 .7515151609 -.23202 x lo-’ 
0.8 .8148440083 .8148436540 -.3543 x 10-c 
1.0 .8654203338 .8654230224 .26886 x 1O-5 
1.2 .9041735786 .9041760640 .24854 x 1O-5 
1.4 .9328743908 .9328749323 .5415 x 10-s 
The accuracy of the approximate formula is thus substantial even for n = 11 and it 
improves as n increases. 
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